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Abstract*A technique is described for e$cient retrieval of families of smooth model distributions,
such as lognormals or modi"ed gammas, from the lower moments of the particle size distribution from
which aerosol optical properties can be accurately computed. The Multiple Isomomental Distribution
Aerosol Surrogate (MIDAS) technique, along with the quadrature technique of McGraw et al. (1995
Geophys. Res. ¸ett. 22, 2929}2932), is evaluated by computing the extinction e$ciency, asymmetry
parameter, backscatter fraction, 18033 backscattering cross section, upscatter fraction, mass scattering
e$ciency, and a direct shortwave forcing at 8 wavelengths for 28 test distributions derived from "eld
observations of marine, continental, urban and stratospheric aerosols. For the 224 single wavelength
evaluations with retrieved modi"ed gammas the average magnitude of error for each of the computed
optical properties was 2% or less, with the exception of the 18033 backscattering cross section (4%),
establishing the accuracy of the technique. It is concluded that this approach is useful for obtaining
aerosol optical properties from the "rst 6 moments of the size distribution, permitting con"dent
determination of these properties from models in which aerosol evolution is represented by evolution
of the lower-order moments. Published by Elsevier Science Ltd

1 . I N T R O D U C T I O N

There is currently a growing need to represent aerosols and their evolution processes in
atmospheric chemistry and transport models, especially regarding their radiative e!ects on
climate. Most current models explicitly represent the aerosol size distribution with either
discrete size bins (the sectional representation) or with assumed functional forms for various
modes in the distribution (the modal approach). These are standard modeling schemes
well-investigated in the literature. More recently, there has been exploration of representing
aerosols by the moments of the size distribution alone, without the necessity of representing
the size distribution itself. Moment-based approaches initially su!ered from the necessity of
assuming certain functional forms for the size distribution in order to obtain a closed set of
moment evolution equations. However, with the introduction of the quadrature techniques
of McGraw (1997) and Barrett and Webb (1998), condensational growth laws or coagula-
tion kernels of arbitrary functional form became simple to treat with low-order moments
and the method of moments became a viable candidate for modeling aerosols under very
general conditions. The advantages of modeling aerosols with their lower-order moments
rather than the full size distribution itself has been discussed by McGraw et al. (1995, 1998),
McGraw (1997), Barrett and Webb (1998) and elsewhere. Aerosol dynamics via the Quadra-
ture Method of Moments of McGraw (1997) has now been incorporated in the Eulerian
chemical transport and transformation model of Benkovitz et al. (1994) and we will report
on such simulations in the near future.

Given these e!orts in modeling atmospheric aerosols for climate studies, successful
modeling with moments requires aerosol optical properties and radiative in#uence to be
accurately and e$ciently computed from modeled moments. More speci"cally, one wants
to know to what extent, if any, knowledge of only the lower-order moments rather than the
size distribution itself results in signi"cant additional uncertainties in computed aerosol
optical properties. One of the "ndings of this study is that the additional uncertainties are
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small, especially in light of uncertainties in large-scale modeling and the uncertainties in
present knowledge of atmospheric aerosols.

Although optical properties can to some extent be related directly to the lower-order
moments themselves, a more general approach utilizing moments is desirable. McGraw
et al. (1995) initiated work along this line introducing a Gaussian quadrature technique, and
Yue et al. (1997) extended the Randomized Search Minimization Technique of Heintzen-
berg et al. (1981) to the retrieval of optical properties from moments. The N abscissas and
weights of the N-point quadrature technique may be viewed as an N-disperse representa-
tion of the underlying distribution and the Randomized Search Minimization Technique
retrieves a histogram representation of the distribution as an intermediate step to the
computation of optical properties.

This work introduces the Multiple Isomomental Distribution Aerosol Surrogate
(MIDAS) technique. &&Surrogate'' indicates that the technique does not purport to retrieve
the &&true'' distribution, but rather an isomomental surrogate suitable for use in integrals
over the size distribution. Recognizing that it is integrals over the size distribution that are
needed makes it understandable that isomomental surrogates are successful. In this work
the surrogates are multimodal lognormal or multimodal modi"ed gamma distributions. As
smooth particle size distributions are the natural result of the generation and transforma-
tion processes that govern atmospheric aerosols, we anticipate that the use of these smooth
model distributions will be advantageous. The quadrature approach of McGraw et al.
(1995) is obtained as a limiting case of the lognormal version of the MIDAS technique
and is evaluated alongside the present approach for the determination of aerosol optical
properties.

Although we are concerned primarily here with modeled aerosols, another potential
future application is the computation of aerosol optical properties from moments
retrieved from remote sensing observations, such as multiwavelength extinction measure-
ments (Livingston and Russell, 1989; Kaufman et al., 1997). Recent satellite observ-
ations (Deuze et al., 1998; Goloub et al., 1998) provide measurements of the angstrom
exponent [d log (optical depth)/d log (wavelength)] and other optical properties that
will be useful in evaluating 3-D aerosol models that permit accurate retrieval of these
properties.

2 . METHOD

For a size distribution f (r) of spherical particles of radius r the radial moments are
de"ned as

k
k
"P

=

0

rk f (r) dr, (1)

and in this work they are computed from test distributions derived from "eld measure-
ments. Aerosol optical properties are obtained by "rst retrieving a set, or family of smooth
model distributions, each member of which having the speci"ed moments. These retrieved
model distributions are then averaged and optical properties are computed from the
average-retrieved distribution. Standard methods can be used to obtain optical properties
from the averaged-retrieved distributions. Simple discretization on a logarithmic scale has
been used in this work to evaluate integrals over the size distribution, although more
e$cient standard quadrature techniques might be employed.

2.1. Retrieval technique

The normalized lognormal distribution

f
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with geometric mean radius R and geometric standard deviation on p has radial moments

kLN
k

"Rk expC
k2

2
(ln p)2 D " Rk SLN (k; p) , (3)

and the normalized modi"ed gamma distribution

f
MG

(r)"
s b(n`1)@s rn

![(n#1)/s)]
exp (!b rs) (4)

has radial moments

kMG
k

"

b~k@s ![(k#n#1)/s]

![(n#1)/s]
" (b~1@s)k SMG(k; n, s) . (5)

A bimodal lognormal is a 6-parameter distribution and in principle can be "t to
6 moments of a size distribution. Although it would be highly desirable to algebraically
solve for the lognormal (or other model distribution) parameters in terms of the 6 moments,
to our knowledge this has not been achieved. Unsuccessful attempts to accomplish this led
to the following mathematical device.

For a trimodal lognormal

f (r)"N
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the moments are
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where N
1
, N

2
and N

3
are the numbers of particles, R

1
, R

2
and R

3
the geometric mean radii,

and p
1
, p

2
and p

3
the geometric standard deviations of modes 1, 2 and 3, respectively. There

are 9 lognormal parameters, allowing 3 constraints to be imposed while seeking a "t to the
"rst 6 moments, k"0!5. Let p

1
"p

2
"p

3
,p be a &&retrieval parameter'' and de"ne the

pseudo-moments as
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We then get
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and with a change of symbols
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. (10)

For the purposes of rapidly solving equation (10) for the unknown lognormal parameters,
this set of equations is now interpreted as de"ning the 3-point Gaussian quadrature weights
and abscissas (with unknown weight function) appropriate to the given set of moments, and
a routine such as ORTHOG of Press et al. (1992) will quickly deliver the Mw

i
, r

i
N. The

lognormal parameters are then obtained as

N
i
" w

i
, R

i
" r

i
, p

i
" p retrieval parameter. (11)

The retrieval parameter p cannot be chosen arbitrarily large or ORTHOG may not yield
the desired weights and abscissas. This is apparently due to the fact that for p too large the
pseudo-moments fail to satisfy a convexity criterion that must be met by any valid set of
moments of a distribution of a random variable (Feller, 1971). For example, if a lognormal
test distribution is used to compute a set of moments, the retrieval parameter p employed
apparently cannot be larger than the geometric standard deviation of the test distribution
itself.

With p set to unity, the pseudo-moments remain the original moments, and the retrieved
lognormals are of zero width. Use of these &&tri-disperse'' distributions is then equivalent to
a 3-point quadrature evaluation of the optical integrals to be computed, and is the method
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of McGraw et al. (1995). Thus if in the present approach lognormal model distributions are
employed, the MIDAS technique may be viewed as a moment-preserving &&broadening'' of
the quadrature abscissas into 3 modes of "nite width.

For a trimodal modi"ed gamma distribution the pseudo-moments are

u
k
"N

1
(b~1@s

1
)k#N

2
(b~1@s

2
)k#N

3
(b~1@s

3
)k , (12)

and by the same procedure we obtain the modi"ed gamma parameters as

N
i
"w

i

b
i
"r~s

i

n
i
"n retrieval parameter (integer)

s
i
"s retrieval parameter (13)

Since the retrieval parameters p and s may be varied continuously, there exists an in"nite
set of possible retrieved (trimodal) lognormals, and a multiply-in"nite set of possible
retrieved (trimodal) modi"ed gammas consistent with a speci"ed set of moments.

Although the technique has been described for the case of 6 moments and trimodal
retrieved distributions, it can be applied to 2N moments and N-modal retrieved distribu-
tions if higher moments are available (we have done so for up to N"6), but as higher
moments are not often available this has been investigated only brie#y.

The technique now proceeds by retrieving distributions over a range of the model
distribution retrieval parameters and then averaging those distributions. How the range of
values for each retrieval parameter is to be chosen must be speci"ed to fully de"ne the
method, and the following guidelines are empirical rules derived by trial and error (and are
not necessarily the best possible):

¸ognormals: Average (with equal weight) over all retrieved distributions with
1.1)p)p

.!9
, where p

.!9
is the largest value permitted by ORTHOG.

Modi,ed gammas (n"6): Average (with equal weight) over all retrieved distributions with
s
.*/

)s)s
.*/

#0.7, where s
.*/

is the smallest value permitted
by ORTHOG.

&&Permitted by ORTHOG'' means that the output Mw
i
, r

i
N of the routine do in fact satisfy

equation (10), which is checked for each retrieval. The amount by which the retrieval
parameter is incremented between retrievals is not important provided it is small enough so
that some 10 or more distributions are obtained. For modi"ed gammas, s was incremented
by 0.05, resulting in 15 retrievals for each test distribution. For lognormals, it was conve-
nient to increment the variable X"exp [(ln p)2/2] (rather than p) with a constant
increment of dX"0.0002, small enough to insure that at least 15 retrievals were obtained
for each test distribution. (For some of the broader distributions this sometimes led to many
more retrievals than necessary, and for these dX could have been increased.)

The lognormal rule serves to discard those distributions that are nearly tridisperse and
thus possessing unphysically narrow &&modes'', and this was observed to improve accuracy.
The use of s

.*/
in the modi"ed gamma rule was suggested by a few observations in which

broad (and thus long-tailed) lognormals were used as test distributions. Small values of
s give longer tails to the modi"ed gammas and this gave somewhat better results. This
suggests that taking the smallest values of s permitted by ORTHOG may allow the
procedure to use the moments as an indicator of possible long-tailed underlying
distributions and select retrieved distributions accordingly. Values of the modi"ed-gamma
n parameter other than 6 have not been systematically investigated. All sets of retrieved
distributions in this work (except those for Fig. 2b) were obtained according to these rules.

Model distribution parameters consistent with a given set of moments can of course also
be determined using standard iterative numerical techniques to minimize the (squared)
di!erences of the actual moments and those computed from the retrieved parameters. The
technique of Yue et al. (1997) employs a minimization scheme of this sort. Using the
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conjugate-gradient minimization routines of Press et al. (1992), an iterative approach of this
type was coded but this was found to be much less e$cient than the ORTHOG-derived
retrievals.

2.2. De,nition of optical properties

The Mie routine of Bohren and Hu!man (1983) was used to obtain the scattering
e$ciency, Q

4#!
, the extinction e$ciency, Q

%95
, the 1803 backscattering e$ciency, QB , and the

angular distribution of scattered light from a single particle for unpolarized incident light,
S
11

(r, h), for each particle size required. From these the following properties were calculated
for each test and average-retrieved distribution. (The wavelength and index of refraction
dependence of all properties is suppressed.)

The extinction coe$cient for a distribution, or the total cross section per unit volume, is

K
%95
"nP r2 Q

%95
(r) f (r) dr, (14)

and the 1803 backscattering cross section is

p
B
"nP r2 Q

B
(r) f (r) dr. (15)

The hemispheric backscatter fraction for isotropically incident radiation, b
H
, is computed

from equation (15b) of Wiscombe and Grams (1976):

b
H
(r)"

1

2nP
n

0

h P (h) sin hdh , (16)

where the scattering phase function is (Bohren and Hu!man, 1983)

P (h)"NPS
11

(r, h) f (r) dr (17)

and N is a constant such that P (h) is normalized over all scattering directions to 4n.
The asymmetry parameter, g

!4:.
, and the upscatter fraction, b

U
, were averaged over the

distribution according to a scattering-e$ciency-weighted average,

/ "

n: r2Q
4#!

(r) /(r) f (r) dr

n:r2Q
4#!

(r) f (r) dr
"

n:r2Q
4#!

(r) /(r) f (r) dr

K
4#!

, (18)

as in McGraw et al. (1995), and expressions for /(r) for these quantities can also be obtained
from Wiscombe and Grams (1976). For the asymmetry parameter, /Pg

!4:.
and /(r)Pg(r)

with

g(r)"
1

2P
n

0

cos h S
11

(r, h) sin h dh , (19)

and for the upscatter fraction (monodirectional incident radiation), /Pb
U

and
/(r)Pb

U
(r, h

0
) with

b
U
(r, h

0
)"

1

2nP
n@2`h

0

n@2~h
0

S
11

(r, h) sin h cos~1 (cot h
0

cot h) dh

#

1

2P
n

n@2`h
0

S
11

(r, h) sin h dh (20)

where h
0

is the solar zenith angle. b
U

(r, h
0
) is the fraction of radiation scattered in the

upward direction, and it is this quantity rather than the fraction scattered into the backward
hemisphere relative to the direction of incident radiation that is important in climate studies
(Schwartz, 1995). A solar zenith angle of 303 was used throughout this study as this value
is small enough to give the upscatter fraction a substantial dependence on particle size
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(see Fig. 5 of Nemesure et al., 1995); at h
0
"903 (Sun at the horizon), b

U
(r,h

0
) is independent

of particle size by symmetry and would not be sensitive to the size distribution, as is
desirable for the evaluation of retrieval techniques.

The sulfate scattering coe$cient per unit sulfate mass (mass scattering e$ciency) was
evaluated as

aSO~2
4

"

n:r2Q
4#!

(r) f (r) dr

:m(r) f (r) dr
"

K
4#!

(4nd/3) k
3

(21)

where m(r) is the sulfate mass in a particle of radius r and d is the sulfate concentration as
described below. Sulfate mass per particle was calculated as in Boucher et al. (1998) and was
based upon an assumed saturated ammonium sulfate solution at 80% relative humidity and
253C, and obtained as sulfate concentration in solution times particle volume. The sulfate
concentration for this solution is 540 g ammonium sulfate per liter (Tang and Munkelwitz,
1994), yielding d"0.3927 g SO~2

4
cm~3.

At a speci"ed temperature, relative humidity, solar zenith angle, aerosol composition and
wavelength, the direct (clear sky) shortwave forcing of a unit volume of aerosol (W cm~3) is
proportional to (Charlson et al., 1992; Nemesure et al., 1995) a quantity denoted as reduced
forcing:

* f
R
"nP r2Q

4#!
(r) b

U
(r, h

0
) f (r) dr . (22)

In light of equation (18) the reduced forcing may be obtained as *f
R
"K

4#!
b
U
. [The

averaged quantity b
U

should not be confused with the size-dependent quantity b
U
(r, h

0
).]

The appropriate value of the solar zenith angle would be the one that actually obtains at the
particular time and location of the aerosol under consideration.

The computer code for calculating optical properties was checked by reproducing
the values of K

%95
, g

!4:.
, b

H
, and p

B
reported in McGraw et al. (1995), values of b

U
(r, h

0
)

reported in Nemesure et al. (1995), and values of aSO~2
4

reported in Boucher et al.
(1998).

3 . RESULTS

3.1. ¹est distributions

Figure 1 shows the 28 test distributions derived from "eld observations collected for this
study and the Appendix brie#y describes the source and manner of treatment of each. These
represent a variety of aerosol types and distribution shapes, and include urban, (clean)
continental, and stratospheric aerosols, with most of them marine. Most were scanned and
digitized from plots, smoothed, and converted from dN/dlogD to dN/dr for use in the
computer code. The results obtained for all distributions collected are presented here. The
variability of the accuracy of the techniques over the set of distributions illustrates the
usefulness of employing a large number of test distributions in assessing retrieval methods.

Figure 2a and c shows representative retrieved lognormal and modi"ed gamma distribu-
tions and the average-retrieved distributions for test distribution 23, a marine distribution
(Hoppel et al. 1990) employed previously in McGraw et al. (1995) and Yue et al. (1997). Thus
panels 2a and c jointly show 19 distributions having the same "rst 6 moments. Note that
neither the retrieved distributions nor their average are in especially close agreement with
the test distribution, yet the surrogate distribution yields accurate estimates for all of the
optical properties examined here.

3.2. Single-wavelength evaluations

Following McGraw et al. (1995) and Yue et al. (1997), this study was begun with
j"632.8 nm and n"1.55!0 i for single-wavelength computations. As there is no absorp-
tion (the imaginary part of the refractive index is zero), K

%95
"K

4#!
and aSO~2

4
di!ers from
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Fig. 1. The test distributions are grouped by maximum amplitude to facilitate compact presenta-
tion. Units are km~1 cm~3. All horizontal and vertical scales are logarithmic. The distributions with

&&]10'' and &&]100'' in (d) have been scaled up for presentation purposes.

Fig. 2. (a) The dotted curve is test distribution 23. The solid curves are representative lognormal
distributions retrieved from the moments of distribution 23. The dashed curve is the average of all
retrieved lognormals for distribution 23, including those not shown. (b) Evolution of the ratio of the
retrieved optical property to the exact result, for each optical property, as a function of the number
of retrieved distributions. Intercepts on the vertical axis are the 3-point quadrature results. (c) Same
as (a) but for retrieved modi"ed gamma distributions. (d) Same as (b) but for retrieved modi"ed

gammas, and the quadrature results are not shown. Units for distributions are km~1 cm~3.
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Fig. 3. Extinction coe$cient, K
%95

, (km2 cm~3) for each of the test distributions. (a) Squares are the
exact results, circles the retrieved lognormal results, and triangles the retrieved modi"ed gamma
results, at j"632.8 nm and n"1.55!0 i. (b) Ratio of the retrieved result to the exact result for
each distribution. Circles are for lognormals, triangles for modi"ed gammas, and "lled squares for
the modi"ed gammas averaged over the solar spectrum of Coakley et al. (1983). The values shown in
this panel are also those obtained for the mass scattering e$ciency, aSO~2

4
. (c) Squares are the exact

results and circles the 3-point quadrature results at j "632.8 nm and n "1.55!0 i. (d) Ratio of the
quadrature result to the exact result for each distribution. Circles are the single wavelength results
and "lled squares the results averaged over the solar spectrum. This panel also applies to (aSO~2

4
).

Kext only by an overall normalization by the total sulfate mass in the aerosol and the errors
in K

%95
and aSO~2

4
are the same.

Figure 2b is an illustrative "gure showing the evolution of the ratios of the retrieved
optical property to the exact result for distribution 23, for lognormal retrieved distributions.
For this "gure the 3-point quadrature results are the vertical intercepts, and the lognormal
retrievals begin at X"1.0002 (p"1.0202 rather than p"1.1) and are successively
broadened in subsequent retrievals. This panel shows that the retrieved optical properties
tend to converge toward the exact results as the average-retrieved distribution develops and
the retrieved lognormals become broader. This convergence is characteristic whenever the
quadrature errors are substantial. Thus beginning the lognormal retrievals at p"1.1
(rather than p"1.0202) eliminates those retrievals that give the poorest results.

Figure 2d is analogous to Fig. 2c for the case of retrieved modi"ed gammas. Note that the
modi"ed gammas do not have the continuity with the quadrature results (which are not
shown in this panel) as is the case with lognormals, since modi"ed gammas do not have the
&delta-function' limit as do lognormals as pP1. It is characteristic that the retrieved optical
properties vary much less as the cumulative average develops for modi"ed gammas than for
lognormals.

Panels a and c of Figs 3}8 show how the computed optical properties of both the MIDAS
and quadrature techniques track the exact results over the set of test distributions. The
lower panels in each of these "gures give the ratio of the retrieved optical property to the

8 D. L. Wright, Jr.



Fig. 4. Asymmetry parameter, g
!4:.

, for each of the test distributions. Other details same as in Fig. 3.

Fig. 5. Hemispheric backscatter fraction, b
H
, for each of the test distributions. Other details same as
in Fig. 3.

9Optical properties of atmospheric aerosols



Fig. 6. 1803 backscattering cross section, p
B
, (km2 cm~3) for each of the test distributions. Other

details same as in Fig. 3.

Fig. 7. Upscatter fraction, b
U
, for each of the test distributions. Other details same as in Fig. 3.

10 D. L. Wright, Jr.



Fig. 8. Reduced forcing per unit volume, *f
R
, (km2 cm~3) for each of the test distributions. Other

details same as in Fig. 3.

exact result for each approach. Note the di!ering range of the ordinate for panels b and d in
each of these "gures.

Table 1 summarizes the performance of the MIDAS and quadrature methods by
presenting the maximum error incurred, the average magnitude of the error (errors of
opposite sign do not cancel), and the average error (errors of opposite sign cancel) for each
property.

3.3. Results averaged over the solar spectrum

In many applications it is appropriate to average over the solar spectrum and this has
been done with the retrieved modi"ed gamma and quadrature techniques, in addition to the
single wavelength evaluations reported above. Table 2 shows the Coakley et al. (1983)
representation of the solar spectrum employed (with index of refraction n"1.40!0 i,
independent of wavelength), and the optical properties averaged over this spectrum are
shown in the lower panels of Figs 3}8 (solid boxes). Table 1 includes error statistics over the
set of test distributions for these wavelength-averaged properties.

4 . DISCUSSION AND CONCLUSIONS

4.1. Single-wavelength evaluations

Examination of Table 1 shows that at j"632.8 nm the maximum and average magni-
tude of error for the MIDAS technique are always smaller for the modi"ed gammas than
the lognormals. For the average error, where deviations of opposite sign cancel, there is
little di!erence in accuracy for the two distribution types.

11Optical properties of atmospheric aerosols
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Table 2. Solar spectrum representation of Coakley et al.
(1983) used in this study

j, wavelength fj, fraction of
(nm) incident solar #ux

340 0.0579
434 0.1389
508 0.0561
550 0.1527
768 0.1342
833 0.0881
991 0.0704

Table 3. Percent errors of the MIDAS (LN, MG), 3-point quadrature (QD) and Yue et al. (1997)
(RSMT) techniques at j"632.8 nm and n"1.55!0 i for the distributions employed in Yue

et al. (1997)

Dist. 23 Dist. 24 Dist. 25 Dist. 26

K
%95

p
B

K
%95

p
B

K
%95

p
B

K
%95

p
B

LN [1.98 [1.22 0.02 6.03 [0.90 [0.28 [0.08 [0.18
MG [1.98 [5.10 0.43 4.15 [0.73 [1.15 [0.05 [0.01
QD [2.14 [44.2 [4.90 17.5 0.61 [24.8 3.71 [16.2
RSMT [2.22 4.26 [2.20 [2.55 1.61 [0.92 0.19 [2.48

The values in parentheses in Table 1 are average or maximum values for the modi"ed
gamma retrieval or quadrature techniques employing all 8 wavelengths used in this study,
and to the extent that calculations at di!erent j of this well-spaced set of wavelengths are
independent, these statistics are over 8]28"224 independent evaluations. For these 224
evaluations, the errors in K

%95
(aSO~2

4
) , g

!4:.
and b

H
never exceed 5.3, 8.9 and 5.6%,

respectively, for the modi"ed gammas, and the average magnitude of error is less than 1%
for each of these properties. Although the maximum errors for p

B
, b

U
and * f

R
are somewhat

larger, the average magnitude of error for these properties is about an order of magnitude
smaller and indicates that errors as large as the maximum are not frequent. For both
retrieved lognormals and modi"ed gammas, the average error of each quantity is less
than 1%.

Although the errors with 3-point quadrature can on occasion be somewhat large, the
average magnitude of error remains under 10% for all properties except p

B
and b

U
, and the

average error does not exceed 1.1% for any calculated property when considering all 224
evaluations.

The Randomized Search Minimization Technique of Yue et al. (1997) also employs
multiple retrievals of (histogram) distributions and obtains an average-retrieved distribu-
tion. Yue et al. (1997) evaluated K

%95
and p

B
for distributions 23, 24, 25 and 26, (also at

j"632.8 nm and n"1.55!0 i) and Table 3 cites those results along with the results of the
MIDAS and quadrature methods. For these distributions the MIDAS results are somewhat
more accurate for Kext , with the Yue et al. (1997) and MIDAS results comparable for p

B
. The

unusually small errors for the modi"ed gammas for distribution 26 result from the fact that
the average-retrieved distribution nearly coincides with the bimodal lognormal test distri-
bution. For applications where single wavelength measurements are important, such as
LIDAR, either the MIDAS or RSMT techniques would be recommended.

4.2. Averages over the solar spectrum

For retrieved modi"ed gammas, averages over the solar spectrum of K
%95

(aSO~2
4

), g
!4:.

,
b
H

and * f
R

were always found to give errors less than 3%. The average magnitude of error
did not exceed 1.3% for any of the wavelength-averaged properties, and the average error
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did not exceed 0.8%. For the quadrature technique the average magnitude of error for all
properties is less than 4%, excepting p

B
, and the average error never exceeded 1.5% in any

calculated property.
In particular, for the MIDAS (quadrature) technique, the error in *f

R
did not

exceed 1.43% (9.83%) for any test distribution, and to the extent that the 28 test dis-
tributions may be thought of as 28 neighboring grid cells in a large-scale 3-D model,
the error in the aerosol part of the direct shortwave forcing integrated over that domain
would be only 0.06% (0.04%), the average error in *f

R
. These grand averages over

many distributions help establish the absence of systematic error in these techniques.
Additionally, these averages show that for properties that are summed over signi"cant
portions of the model domain (such as radiative forcing) there should be substantial
cancellation of errors.

To put these errors in perspective, Penner et al. (1994) estimate the uncertainties in
aSO~2

4
and b

U
for sulfate aerosols as 40 and 30%, respectively, which combine (as indepen-

dent errors) to give about 50% uncertainty in * f
R

from these quantities alone. These
uncertainties result solely from lack of knowledge of the aerosol size distribution. The
overall uncertainty for the clear sky forcing of anthropogenic sulfate aerosols was estimated
to be greater than a factor of 2. Even with known (assumed) size distributions, the model
intercomparisons of Boucher et al. (1998) show that computations with various radiative
transfer models agree only to within about 8% at best. The present results show that
knowledge of only the "rst 6 moments, rather than the full size distribution, results in
minimal increase in uncertainties for the forcing and other optical properties relative to the
uncertainties in present knowledge of the ambient aerosol properties and uncertainties in
computing the radiative e!ects of known aerosol distributions.

4.3. Computational e.ciency

For a hemispheric-scale Eulerian model with 13 resolution in the horizontal and 30 or so
vertical levels there are roughly 360]90]30"972,000 grid cells, each yielding a set of
moments parameterizing the aerosol at each point in time at which the simulation data is to
be analyzed. As it may be desirable to compute aerosol optical properties for each grid cell
at many simulation times, computational e$ciency will be important.

The quadrature technique has the advantage of requiring optical property computations
for only three particle sizes (per set of moments). If average or integral properties over
a substantial spatial domain are all that is required, even at a single wavelength, examina-
tion of the average errors in Table 1 shows that with the exception of p

B
, which is very

sensitive to the particle size distribution, 3-point quadrature is nearly as accurate as the
MIDAS technique, with all properties having average errors no greater than 2.2%. If
incremental optical properties for the range of possible particle sizes are to be precomputed,
a "ne grid may be necessary in that the possible abscissas cannot be speci"ed in advance for
this form of Gaussian quadrature (with unknown weight functions).

For the MIDAS technique, obtaining the set of model distributions is rapid: 2000#
distributions per second have been retrieved on a Sun Spark Ultra-Enterprise or desktop
PC with a 400 MHz Pentium II Processor. Evaluation of the optical properties of the
retrieved model distributions will likely limit the overall e$ciency, which is largely deter-
mined by the number of evaluation points (particle sizes) employed in the discretization of
the distributions (50 per decade were used in these accuracy evaluations) and the amount of
pre-computation. For computationally intensive applications a lookup table can be con-
structed with incremental optical properties for each evaluation point, and for each
average-retrieved distribution one need only sum over the incremental properties with the
appropriate weighting. Assuming the Randomized Search Minimization Technique and
MIDAS techniques to be on equal footing regarding computing optical properties from
their respective average-retrieved distributions (both may pre-compute incremental quant-
ities), it is expected that the e$cient ORTHOG routine gives the present technique
signi"cantly greater e$ciency.
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5. CONCLUSIONS

The e!ectiveness of the present technique is presumed to be due, at least in part, to the use
of smooth distributions that go to zero at the smallest and largest particle sizes. Although
some of the test distributions do not go to zero as the particle size is reduced due to
instrumental detection limits, optical properties become progressively weaker with decreas-
ing particle size and apparently these distribution shapes do not pose a problem for this
approach. An exception is test distribution 5, which cuts o! sharply at 0.074 km, a particle
size large enough to have appreciable scattering properties, and this distribution gives some
of the largest errors for both the quadrature and retrieval techniques.

White (1990) and McGraw et al. (1998) have discussed sets of distributions having
identical moments and a possible breakdown in the correlation of moments and aerosol
dynamic and optical properties. Both of those studies involved families of distributions
having a full (in"nite) set of identical moments. As pointed out by McGraw et al. (1998), for
very broad multimodal distributions the moment-optical property correlation needs further
investigation, and it may prove necessary to represent each aerosol mode with a separate set
of moments to maintain the correlation. A recent calculation of Vasconcelos et al. (1998)
suggests that this indeed may be the case.

In the present study the retrieved distributions have only 6 moments in common, and
there is thus a greater range of variation among the possible retrieved distrib utions.
Although the full space of retrieved distributions for a set of moments has not been
explored, the extent to which optical properties vary among the retrieved distributions in
a set can be judged to some extent from Fig. 2, bearing in mind that these are cumulative
averages over a developing set of retrieved distributions. With the exception of p

B
, the

optical properties of all retrieved distributions for test distribution 23 are within about 20%
of the exact values. Although broader multimodal distributions have not been constructed
and examined in this work, for the set of "eld distributions employed in this study the
correlation between the lower moments and optical properties is strong.

As noted above, the lognormal version of the retrieval technique can be viewed as
a moment-preserving broadening of the quadrature abscissas. As indicated in McGraw
et al. (1995), the non-polynomial nature of the Mie kernels and their resonances can give
sampling di$culties to the quadrature technique, having a few (discrete) abscissas. In fact, it
is common practice when computing optical properties of monodisperse distributions to
replace the monodisperse with a narrow lognormal to broaden over resonances. Simply
taking the monodisperse radius as the geometric mean radius of a lognormal distribution,
however, is not a moment-preserving operation, so that in retrieving aerosol optical
properties from moments one may not simply do this for each of the quadrature abscissas.
Moment-preserving broadening must be a concerted process involving all of the abscissas
and will in general change both the abscissas and their respective weights. The broadening
of the quadrature abscissas with retrieved lognormals apparently overcomes the sampling
problem while preserving the moments. More generally, the lognormal version of the
MIDAS technique might be viewed as an extension of quadrature techniques for non-
smooth integrands and other applications are under investigation.

An e$cient technique for obtaining smooth model distributions consistent with an
arbitrary (even) number of moments should have application in aerosol dynamics modeling.
As a closure technique for the coupled equations of the method of moments (McGraw and
Saunders, 1984; Pratsinis, 1988; Barrett and Jheeta, 1996; McGraw, 1997; Barrett and
Webb, 1998) the use of retrieved distributions derived from 4 or more moments would be an
extension of the single-lognormal 3-parameter closure often used and characteristic of the
Modal Aerosol Dynamics approach to aerosol modeling (Whitby and McMurry (1997) and
references therein). Yue et al. (1997) notes that the "rst 4 moments are clearly inferior to the
"rst 6 for retrieving aerosol optical properties, and even though the condensation and
coagulation kernels encountered in aerosol dynamics are smoother than the Mie kernels,
higher moments may be useful in modeling dynamics as well. The MIDAS technique may
also provide a means for the method of moments to model CCN activation and the cloud
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processing of atmospheric aerosols. A set of retrieved distributions, each of which consistent
with the modeled moments, would in a sense be appropriate to represent the aerosol in
a single grid cell, considering the wide sub-grid variability in aerosol properties. It is worth
noting that lognormals and modi"ed gammas are probably not the only model distribution
types that can be retrieved with this technique. Applications to aerosol dynamics will be the
topic of a forthcoming report.

It is concluded that with the possible exception of very broad distributions, the lower
moments contain su$cient information about the particle size distribution to constrain the
optical properties to within fairly narrow bounds. The MIDAS technique presented in this
paper, as well as the quadrature and Randomized Search Minimization Technique tech-
niques previously described, provides an accurate means of obtaining aerosol optical
properties from the lower moments of the size distribution. Although the MIDAS and
RSMT techniques are recommended for single wavelength computations where spatial
and/or spectral averaging is undesirable, the quadrature technique appears to be of nearly
equal accuracy when averaging or integrating over a spatial domain containing many
distinct aerosol samples.
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APPENDIX A: THE TEST DISTRIBUTIONS

The description of each distribution includes the set of values (rL, rU, RL, RU), all in micrometers. rL and rU are the
lower and upper limits of integration used to compute the moments of the test distribution, which were determined
by the "eld data, limitations in scanning the distributions from the "gures, and values used in McGraw et al. (1995)
and Yue et al. (1997). RL and RU are the lower and upper limits of integration used when integrating optical
properties over the average-retrieved distributions and were chosen large enough for convergence.
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Distribution 1. Covert et al. (1998), marine distribution from Fig. 2, curve d,
(0.00163, 0.195, 0.0001, 1.9).

Distribution 2. Weber et al. (1998), marine distribution from Fig. 2, dashed curve,
(0.00941, 0.251, 0.0001, 2.5).

Distribution 3. Bates et al. (1998), of continental origin, from Fig. 3a,
(0.00396, 0.254, 0.0001, 2.5).

Distribution 4. Brechtel et al. (1998), marine (Macquarie Island) distribution from Fig. 4,
solid curve, (0.00934, 0.246, 0.0001, 2.5).

Distribution 5. Parungo et al. (1986), marine distribution from Fig. 7, 3rd panel, solid curve,
(0.0738, 3.74, 0.0001, 10.0).

Distribution 6. Russell et al. (1996), marine distribution from Fig. 6, bottom curve,
(0.00798, 0.500, 0.0001, 5.0).

Distribution 7. Russell et al. (1996), marine distribution from Fig. 6, top curve,
(0.00792, 0.450, 0.0001, 4.5).

Distribution 8. Clarke et al. (1996), marine distribution from Fig. 1, open boxes,
(0.0157, 0.348, 0.0001, 3.5). This dry size distribution was converted to a &&wet'' distribution by scaling all particle
sizes by a factor of 1.6.

Distribution 9. Hegg et al. (1993), marine distribution from Fig. 12, open circles,
(0.00976, 0.282, 0.0001, 2.8).

Distribution 10. Hegg et al. (1993), marine distribution from Fig. 4, open circles,
(0.0106, 0.223, 0.0001, 2.2).

Distribution 11. Porter et al. (1997), marine distribution from Fig. 4A, solid triangles,
(0.0131, 0.364, 0.0001, 3.6).
This dry size distribution was converted to a &&wet'' distribution by scaling all particle sizes by a factor of 1.6.

Distributions 12-20. Quinn et al. (1996), marine distributions.
Distribution 12, Fig. 4d, (0.00998, 0.278, 0.0001, 2.8)
Distribution 13, Fig. 4b, (0.00986, 0.218, 0.0001, 2.2)
Distribution 14, Fig. 4e, (0.00984, 0.281, 0.0001, 2.8)
Distribution 15, Fig. 4f, (0.0100, 0.285, 0.0001, 2.8)
Distribution 16, Fig. 4c, (0.00991, 0.277, 0.0001, 2.8)
Distribution 17, Fig. 5a, (0.00991, 0.282, 0.0001, 2.8)
Distribution 18, Fig. 5d, (0.0100, 0.282, 0.0001, 2.8)
Distribution 19, Fig. 5b, (0.00999, 0.282, 0.0001, 2.8)
Distribution 20, Fig. 5c, (0.00979, 0.289, 0.0001, 2.9)

Distribution 21. Weber et al. (1997), clean continental distribution from Fig. 4a, curve &&600-1000'',
(0.0107, 0.257, 0.0001, 2.6).

Distribution 22. Weber et al. (1996), marine distribution from Table 1, columns 3 and 5 (Fig. 5, lower panel),
(0.00800, 0.250, 0.0001, 2.5).

Distribution 23. Hoppel et al. (1990), marine &&distribution 1'', "t to the form
ln[ f (r)]"C

0
#C

1
(ln r)#C

2
(ln r)2# ) ) )with C

0
"!2.1134, C

1
"!12.9179, C

2
"!11.9178, C

3
"!6.61389,

C
4
"!1.52973, (0.002, 0.200, 0.0001, 1.0).

Distribution 24. Hoppel et al. (1990), marine &&distribution 4'', "t to the form
ln[ f (r)]"C

0
#C

1
(ln r)#C

2
(ln r)2# ) ) ) with C

0
"!3.08677, C

1
"!14.3583,

C
2
"!13.2560, C

3
"!6.20314, C

4
"!1.21969, (0.004, 0.400, 0.0001, 2.0).

Distribution 25. Overbeck et al. (1983), stratospheric distribution after the eruption of El Chichon in 1982;
parameterization as a bimodal lognormal from Yue et al. (1997) with N

1
"5.10 cm~3, N

2
"2.80 cm~3,

R
1
"0.19 km, R

2
"0.59 km, p

1
"1.65, and p

2
"1.20, (0.100, 0.800, 0.0001, 10.0)

Distribution 26. Deshler et al. (1983), stratospheric distribution after the eruption of Pinatubo in 1991; para-
meterization as a bimodal lognormal from Yue et al. (1997) with N

1
"5.25 cm~3, N

2
"0.56 cm~3,

R
1
"0.25 km, R

2
"0.53 km, p

1
"1.38, and p

2
"1.17, (0.100, 0.800, 0.0001, 10.0)

Distribution 27. Whitby (1978), Table 1, distribution 6, &&urban average'' accumulation mode parametrized as
a single lognormal with N"32,000 cm~3, R"0.027 km and p"2.16, (0.0001, 0.800, 0.0001, 10.0). This dry
sulfur aerosol distribution was not converted to a wet distribution as the index of refraction of dry ammonium
sulfate is n "1.56, and n "1.55 was used in most of this study. (Note that the computation of the sulfate mass
scattering e$ciency treats all distributions as ammonium sulfate solutions, with the result that this property is
underestimated for this distribution.)

Distribution 28. Whitby (1978), Table 1, distribution 8, &&Labadie plume'' accumulation mode parametrized as
a single lognormal with N"30,000 cm~3, R"0.023 km and p"1.96, (0.0001, 0.800, 0.0001, 10.0). The
comments regarding distribution 27 apply here as well.
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